Practice - 12

Triple Integrals
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Multiple integrals

Multiple integrals:

a) Double integrals
1) lterated Integrals
2) Double Integrals over General Regions
3) Double Integrals in Polar Coordinates

b) Triple integrals
1) Triple Integrals in Cylindrical Coordinates
2) Triple Integrals in Spherical Coordinates
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Triple Integrals

Now we want to integrate a function of three variables, f(x,y,z).

Now that we know how to integrate over a two-dimensional region we
need to move on to integrating over a three-dimensional region.

We used a double integral to integrate over a two-dimensional region
and so it shouldn’t be too surprising that we'll use a triple integral to
integrate over a three dimensional region.

The notation for the general triple integrals is,

([ e av
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Triple Integrals

The notation for the general triple integrals is,
[[] ey av
E

Let's start simple by integrating over the box:
B=[a,b] x [c,d] x [r,s]

Note that when using this notation we list the x’s first, the y's second and
the Z's third.

The triple integral in this case is

/f f(i”:yjz)W:[Fsﬁd[]bf(m,y,:]dxdydz
Fi :
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Triple Integrals

Ex1: Evaluate the following integral
/fmeyng B =12,3] x [1,2] x [0,1]

Note that we integrated with respect to x first, then y, and finally z
here, but in fact there is no reason to the integrals in this order.
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Triple Integrals

Ex1: Evaluate the following integral

//fﬁmdv B=(2,3] x [1,2] x [0,1]

2 3 1
fff 8ryzdV = f f f Bryzdzdedy
B 1 J2 Jo

2 3 1
= f f 4$y:2hu dz dy
/ 1 J2
2 3
= f f dzy dz dy
1 J2

2
o A y zf 25'32:9‘|zdy
1

2
1
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Triple Integrals

Task-1: Evaluate the following integral

2 2 & K
=[x dy[ 2z
1

3101
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Triple Integrals

Task-1: Evaluate the following integral

2 2 & K
=[x dy[ 2z
1
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Triple Integrals

Task-2: Evaluate the following integral

_I.”[r + v +z)r:1’x v dz

¥

V - parallelepiped bounded by planes:

x=—1x=+1y=0yv=1 z=02z=2
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Triple Integrals

Task-2: Evaluate the following integral _[” [x + ¥ +z) dx dy dz
; ;

x=—1x=+1y=0,y=1, z=0,z=2.

1 1
J-dx.[a’y.[ i+y-— z

| 0
27|12
[x+y—z:|ciz={xz+ﬁ—% =2x+2y—2.

Al

Step-1: %
|

2 27|z
Step-2: I[x+y—z)dz=[xz+_}£—% =2x+2y—2.

1] Ao

Step-3: j[Ex—l)aﬂ’x=[

-1
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Triple Integrals

Task-3: Evaluate the following integral

_[_[J-(RJH 2z Jndydz
¥
where 1 I g
| /
/
V- —2<x40,05y<1 0522 2 |7
A
S/
Ly
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Triple Integrals

.ll_jgdx.l;[ﬁy'z-l-zz)u

[ xR s3]

el

(o + 22z - [

zcz’x_[; & j;‘ (1 + 22 =

2

ajr=_|'_ﬂz.:£xl|;[23y+4)aﬁf=

=—2+a="

I (x+4)dx= [éﬂx} !
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Triple Integrals

Task-33: Evaluate the following integral

2 z vy
t/ f f ryzdzdyd:z.
0 0

13/19



Triple Integrals

Task-33: Evaluate the following integral

2 z vy
t/ f f ryzdzdyd:z.
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Triple Integrals

The volume of the three-dimensional region E' is given by the integral,

V:éffﬂ’

f(xy,2)=1
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Triple Integrals Over General Regions

Let's now move on the more general three-dimensional regions.
We have three different possibilities for a general region.

A E=ily2)[@yeD wzy <z<w(zy)}

B) E={(z,%,2)|(2) €D, wi(y,2) <z <u(y,2)}

C) E={(x,39|@2)eD, w(z2)<y<w(z)}
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Triple Integrals Over General Regions

A) i B)

2=y (5]

z=u (xy)

A) E={(z,y,2)|(z,y) € D, w(z,y) <z <u(z,y)}

B) E=1,1.91 (2 € D, w(,2) <o <w(y)
C) B={(x,39)|(z,2) €D, w(z3:) <y<u(z)}

A) [ff o= ][ s | an
B) ffff Z9,2) 4V = ff Uu,u:!jz} (z,9,2) da:} dA

C) ffff[a: y,z) dV = ff |:];uj:: f(z,y,2) dy:| dA
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Triple Integrals

Task-4: Evaluate the following integral f f f 9 dV
E

where

FE'is the region under the plane 2z + 3y + z — 6 that lies in the first octant.
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Triple Integrals

Task-4: Evaluate the following integral f f f 9 dV

VVheI"e FE'is the region under the plane 2& + 3y + z = 6 that lies in the first octant

We should first define octant. Just as the two-dimensional coordinates system can be
divided into four quadrants the three-dimensional coordinate system can be divided into
eight octants. The first octant is the octant in which all three of the coordinates are positive.

19/19



Triple Integrals A)

We now need to determine the region D in the xy-plane. We can get a
visualization of the region by pretending to look straight down on the
object from above. What we see will be the region D in the xy-plane. So
D will be the triangle with vertices at (0,0), (3,0), and (0,2).

Here is a sketch of D.

Step-1: 2r+3y+z=
M 2= 6—-2z—3y

2 + 3y =6

y=-ix+2 or x=-3y+3
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Triple Integrals

Step-2: Now we need the limits of integration.

a) Since we are under the plane and in the first octant (so we’re above
the plane z=0) we have the following limits for z:

0<z<6—-2z—3y

We can integrate the double integral over D using either of the following
two sets of inequalities.

hy 0<z<3 bmﬂgmg—%y+3

9 or
0)05y§—§$+2 ) 0=y=2
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Triple Integrals

Step-3: The integral is then

6—2z—3y
fff?a:dlf:ff[f 2:z:dz] dA
E D 0
- f f 2z M dA

D
3 p-2zt2
:f f 2z (6 — 2z — 3y) dydx
0 Jo

2

3
- /‘; (12zy — 42’y — 3$y2)h;§z+2 dx

3y
[ —* 8z 112z dx
0 3

1 4 8 3 2 ’
(EI 37 +ﬁf")
9

0
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Triple Integrals

Task-44:

4 f f (1 — z) dedydz,

o01acte U pacmonoeHa B IepEOM OKTAHTE HIDKE INIOCKOCTH 3 + 2y + z = 6.
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Triple Integrals

3z + 2y + z = 6.
H z=0 3z +2y =6.
) z=06— 3z — 2y.

3z + 2y = 6.

’\'

6

*) U= {]

ok 3 ‘h
)y=3—§:i: 3 . ! y

[~

2

3
-5z 6 3z 2

f/fl—zdrdydz—.[dzf dyf (1-z)d
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Triple Integrals

3
63z 2y 2 33
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Triple Integrals

Task-5:
Determine the volume of the region that lies behind the plane z +y + 2z =

3
v@andz = Zy.

b2 | o

and in front of the region in the yz-plane that is bounded by z =
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Triple Integrals

Task-5:

Determine the volume of the region that lies behind the plane z +y+ 2z =8
. o . . L 3 _ L 3

and in front of the region in the yz-plane that is bounded by z = 2 Vf*y and z = Zy.

Step-l: T+y+2=28
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Triple Integrals B)

In this case we've been given D and so we won'’t have to really work to
find that. Here is a sketch of the region D as well as a quick sketch of the
plane and the curves defining D projected out past the plane so we can
get an idea of what the region we’re dealing with looks like.

Step-2:

3k
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Triple Integrals

Step-3:

:fff dvzf/ Ms_y_z da:] dA
f f::ﬁ _y— zdzdy
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Triple Integrals

Taske6: _[” [ x4+ Z) dx dy dz :
v

V is the pyramid bounded by the plane x + y + z = 1 and the coordinate
planesx =0,y =0,z =0.
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Triple Integrals

_[”[x+y+z) dx dv ciz:

V is the pyramid bounded by the plane x +y + z = 1 and the coordinate
planes x =0,y =0,z =0.

Step-1:x+y+z=1
* o z=0: x+y=1
) z=1X -y

Step-2: x+y=1: y=1-x
x=0:y=1
y=0: x=1

1 1-x  l-z-p
I=Idxfdy I I':x+y+zj.:iz.
]

o 0
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Triple Integrals

1)

2)

3)

1 l-x  l-x-p
I:Ia’xldy _[ [:x+y+z:|dz.
R 0

l-x-p 1-x-p

! [x+y+z)dz:|:xz+ﬂ+z—;:|

0

1-x

e 1 2 2 Y
d=ly-r-n ==

1-x 22
_[ |:;{z +}E+Ei|

oo

0

dx = %I(Z—3x+x3)dx =
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Triple Integrals In Cylindrical Coordinates

Recall that cylindrical coordinates are really nothing more than an
extension of polar coordinates into three dimensions. The following are
the conversion formulas for cylindrical coordinates:

I

r—=rcosf y—=rsinfd z—==z

<
f/ff(:v, y,2) dV é@“
: -l

In order to do the integral in cylindrical coordinates we will need to know
what dV will become in terms of cylindrical coordinates.

adV = r dzdr df
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Triple Integrals In Cylindrical Coordinates

r—=rcosf y—=rsind z—=—=z

a a
8_: = cos(()),a—z = —rsin(6), 6—: =0,
9y _ Ay 9y
= sin(#), 30— rcos(6), B2 = 0,
0z 0z 0 oz 1
ar 88 8z

Our Jacobian is then the 3 x 3 determinant

a( ) cos(f) —rsin(@) O

x'.‘ y! z .

———— = |sin(#@ rcos(d 0| =,
a(r,0,z) 0( ) 0( ) .

and our volume element is
dV =dxdydz = rdrdfd:=.

|
_ I

dV =r dzdrdf
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Triple Integrals In Cylindrical Coordinates

r—=rcosf y—=rsinfd z—==z

f[[f(x,y,z) av

adV =r dzdr df

The region E, over which we are integrating becomes
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Triple Integrals In Cylindrical Coordinates

In terms of cylindrical coordinates a triple integral is

hy(#) pusg(reosfrsind)
[[fa:y, ) dV = f/ f 7 f(rcosf,rsind, z) dzdrdf
hy(8) (rcosd,rsinf)

36/19



Triple Integrals In Cylindrical Coordinates

B _II_II_II(X2 +y2)a!’x dy dz

¥

Visthe domainboundedby z=x"+)»" and =z=1.

x4yt =l i

%) 2ayi=r7 z=x"+y* =%

)

Y ——
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Triple Integrals In Cylindrical Coordinates

”(f +_}?2)|:1'1I dy dz =
1’2? 11

= | c:t'.:;i:?_l-.:fr_l-rz-r.:iz:
a a »*
1z 1 H

= | c:t'.:;i:?”:rzz_ dr =
a 1] »e
A= .?"4 .?"ﬁ 1

- [TE} e

dx
:lll- Qp:iﬁpg’_i
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Triple Integrals In Cylindrical Coordinates

Ex22: f f f (z* + 22%y® + y*) dzdydz,
o

Uisthe domainboundedby 72 4 42 <1 and =z2=0,z=1
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Triple Integrals In Cylindrical Coordinates

{I4 + Eriyz + yxi) _ (IE + y2)2 _ (pﬂ)z — ot

1
0

2 1 1 1 1 1 6
4 5 5 e
I=fdgajppddez:E;erddez:Zw-l-Jpdp:ﬂ:r(F)
1]
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Triple Integrals In Cylindrical Coordinates

Ex222: f f f (2% + y*) dzdydz,
o

Uis the domainboundedby ;2 4 .2 _ 3, . _ 3
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Triple Integrals In Cylindrical Coordinates

pzcosznp + pzsinigp = 3z uam .ﬂ‘g = 3z

Tpoekims ob1acTs naTerpuposans U Ha miockocTs Oy OpeicTartseT cobo okpyksocTs o2 + 32 < 9
paguyeod p = 3 (pucysok 5). Koopaunata p wavenderea & npezenax ot 0 3o 3, yrox ¢ — o1 0 70 27 1 koopauHaTa 2

—or 503, B pesynetate uuTerpan 0yaet paseH
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Triple Integrals In Spherical Coordinates

We looked at doing integrals in terms of cylindrical coordinates and we

now need to take a quick look at doing integrals in terms of spherical
coordinates.

Here are the conversion formulas for spherical coordinates:
z = peosBsing,  y = psinfsing,  z = pcoso.

0<p<oo, 0<f<2r, 0<¢<m.

@«
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Triple Integrals In Spherical Coordinates

r = peosflsing, y = psinfsing, 2 = pcoso.

o o a
8_:; = cos(f) sin(qb),a—z = —psin(6) sin(¢), % = pcos(f) cos(g),
Z—i = sin(#) sin(d), % = pcos()sin(g), g—i = psin(@) cos(d),
a a a
5y =@, =0 35 = Pein()

Our Jacobian Az y.2) is then the 3 x 3 determinant
(p.8.9)

cos(f)sin(¢) —psin(f)sin(¢) pcos(8) cos(d)
sin(f)sin(¢)  pcos(d)sin(¢) psin(f) cos(@)
cos(o) 0 —psin(e).

which works out to p? sin(¢), and our volume element is

dV = dxdydz = p? sin(¢) dpdfd.

dV = p’sinpdpdfdy
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Triple Integrals In Spherical Coordinates

r = peosflsing, y = psinfsing, 2 = pcoso.

dV = p*sinpdpdf dyp

7 pB pb

ff/f(x,y,z} dV:f f f p*sing f(psinpcosé, psinpsiné, pcosp) dpdddyp
d Jao Ja

E
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Triple Integrals In Spherical Coordinates

Task-7:

Evaluate fff 16zdV

E

where F is the upper half of the sphere 22 4 y? 4+ 22 = 1.
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Triple Integrals In Spherical Coordinates

Evaluate fff 16zdV
E

where F is the upper half of the sphere 22 4 y? 4+ 22 = 1.

¢ = peosBsing, y = psinfsing, 2z = pcosg.

0<p=1
0<6 <27

m
0<p< —
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Triple Integrals In Spherical Coordinates

bl =

2w 1
f f p*sin g (16pcos ) dpdfdyp
0o Jo

[

2w
_ f / f 80" sin(2¢) dp d dp
= 2w
f / 2sin(2¢p) df dy

:f 4msin(2¢p) dy
0

= —2wc05(2{pj|%
=4r

bal =
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Triple Integrals In Spherical Coordinates

Task-8:
Calculate the integral mz dedydz

¥

with the transition to spherical coordinates, where V is the region
bounded by the inequalities:
= fxg + yg

4y 4zt
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Triple Integrals In Spherical Coordinates

zz,,;xf‘ +;u2

P4y 4zied

z..,||'x:4 +_:u:4 =

= orcos EJ[psin Hros -:;3')2 +[,Gsin Hzin -:;:?:lg =

= ocos 5\{,{}2 sin’ 5(0::-52 o+ sin” {;:') =
= pros&epsind = o sin S cosd
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Triple Integrals In Spherical Coordinates

I” Za2° + 3" dxdydz =
¥

= [[] #*sin cos 8 0% sin 8d pd i 8 =

]

= I J-p“ sin® Bcos 84 od i 8,

]
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Triple Integrals In Spherical Coordinates

[[ o* sin? 8 cos o pdpis =

0

ix ]
sin® Gros sdaj d{p[ odg =
a a

A T Ly

2

sin® 84 (sin &) wg

1, O
' s

0

el
4

32 sin®d
= 2Te_—_wm
3

0

=64—ﬂ- sin3?—r—sin30 =
15 4

25

_B4w 2 _16m2

15 4 15
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Homework

PsbyLLiko, A3-13.5

“acTb 3. 1. Boancante W\ x’y’zdxdydz, ecau oGaacte V onpe-
Vv

peasiercs sepaserctrBamu 0 < x <1, 0Ty <x, 0Tz .
(Oraer: 1/110.)

2. BuiuucauThb SSS dxdydz

e, ecau obaacte V orpa-
) (I +x+y42)

HuyeHa naockoctsimu x=0, y=0, z=0, x+y+2z=1.

(Oraer: L(|n2—;"_).)

3. Bblqucnurb obbeM Teqa, OrPAHHYEHHOIO [OBEPXHO-
cramu y =x", y+z=4, z=0. (Orser: 256/15.)
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Homework

PsbyLuko,

YyacTb 3.

Camocronreashas pabora

1. 1. PaccraBuTh npeaenni HHTETpUPOBAHUSA B HHTerpane

W7(x, y, 2)dxdydz, ecan o6nacts V orpannuena naocko-
v

cramMi x =0, y =0, 2=0, 2x + 3y 4 4z = 12.
2. Butuncauts ({(\/x* 4 ¢* dxdydz, ecnu obnacts V
)

OrpaHuyeHa noBepxHocTAMH 2z =x’+4y*, z=1. (Orger:
45/15.)

2. 1. PaccTaBuTh Npefesbl HHTETPHPOBAHUS B HHTErpae
Wi, v, z)dxdydz, ecan obnacts V orpanuuena nosepxmo-
W

CTAMH y=x, y=2x, z2=0, x+2=2.
2. Buuncants {§{~/x° + 2* dxdydz, ecan obnacte V
¥

OrpaHuueHa MOBepXHOCTHMH y=x"+2°, z=1. (Oreer:
4n/15.)
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Homework

PsbyLuko,
yacTtb 3. Pemenus Beex
H[13-13.2 EAPHAHTOB IV >>>

1. PaccraBuTb Npesedbl HHTerpHPOBaHHs B TPOHHOM HH-
TerpaJe SSSf(x, y, 2)dxdydz, ecan o6aacTb V orpankucHa
g

yKasaHHLIMH TioBepxHocTAMH. Hauepruth 064aCTb HHTETDH-

POBAHHH.
1L Ve x=2 y=4r, y=3x; 20, z=4.
1.2. Vi x=1; y=23x, y=0, z>0 2=20< + ).
1.3 V: x=1, y=4x, 220, z=1/3y.
14. V: x=3, y=x, y=0, 220, 2 ==3x* + y°.
15. Vi y=2x, y=2, 220, z=n2\/x. )
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Homework

PsbyLuko,
Yyactb 3.

2. Butvcauts padspie TPOilHbIE WHTerpanl.
2.1. Sﬂ(zx? 13y + 2)dvdydz, V: 2 <x <3, — 1 <y<2,

0<C 4
SSrszxdydz Vi —1<<x<? O<y<3, 2<

H:zh__S.

2.3. S‘g{ﬂ(x—}-y—&-clzg}dxdydz. Vi—1l<x<<,0<<y<2,

—I<<zI.
2.4. Sﬂs(x”-l-yz—}-zi]dxdydz; Vi0<<x <3, — 1<y,

O=lz<
2.5. SEExszchsz Vi —1<x<3, 0<y<?2 —2«

v
L2 b
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